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Topological Hopf algebras and their 
Hopf-cyclic cohomology 

Bahram Rangipour * and Serkan Siitlii ^ 


Abstract 

A natural extension of Hopf-cyclic cohomology is introduced to en¬ 
compass topological Hopf algebras and topological coefficients. It is 
shown that the topological coefficients properly include the algebraic 
ones. The topological theory is more satisfactory than the algebraic 
one; to wit, contrary to the algebraic case, there is a one-to-one corre¬ 
spondence between the topological coefficients over a Lie algebra and 
those over its universal enveloping algebra equipped with the strict 
inductive limit topology. For topological Hopf algebras the category 
of topological coefficients is identified with the representation cate¬ 
gory of a topological algebra called the anti-Drinfeld double. This is a 
generalization of an existing such identification for finite dimensional 
Hopf algebras. A topological van Est type isomorphism is detailed, 
connecting the Hopf-cyclic cohomology to the relative Lie algebra co¬ 
homology with respect to a maximal compact subalgebra. 
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1 Introduction 

Hopf-cyclic cohomology emerged naturally as a byproduct of the fun¬ 
damental work of Connes-Moscovici on their local index formula [5]. 
Later on, the theory was furnished with a category of coefficients called 
the stable-anti-Yetter-Drinfeld (SAYD) modules [HI [101 EH]. The the¬ 
ory of coefficients has also an unexplored extension for bialgebras as 
well [T4] . 

In [271 [28l [29] we investigated the category of SAYD modules over the 
classical and nonclassical Hopf algebras. We dehned such coefficients 
for Lie algebras as an enlargement of the category of representations 
of Lie algebras. We showed that such coefficients, provided to be co- 
nilpotent, are in one to one correspondence with the SAYD modules 
over the enveloping algebra of the Lie algebra in question. In particu¬ 
lar, for any natural number q, the space of 2 ( 7 -truncated polynomials 
over a Lie algebra is naturally a SAYD module over the Lie algebra, 
and furthermore it can be exponentiated to a SAYD module over the 
enveloping algebra of the Lie algebra. However, the exponentiation 
procedure holds merely due to the nilpotency of the coaction in ques¬ 
tion. For an arbitrary comodule this procedure fails unless we endow 
the enveloping algebra and the coefficient space with a suitable topol¬ 
ogy- 

Another occasion supporting a topological extension of the Hopf-cyclic 
theory is EH, in which one of the authors and H. Moscovici dehned 
a Hopf algebra ICn as the symmetry of the crossed product algebra 
X] Diff(M"'). The cohomology of surprisingly consists of 
only Chern classes, and misses the secondary characteristic classes of 
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foliations. This shortage will be fixed by replacing /C„ with a topolog¬ 
ical Hopf algebra Qn in [22] . 

These incidents encouraged us to develop the current Hopf-cyclic co¬ 
homology theory for topological Hopf algebras. We strongly believe 
that our study will be followed up by the development of a suitable 
Chern-Weil theory for quantum groups. 

Unless stated otherwise, throughout the text a vector space is assumed 
to be well-behaved, mm, that is either nuclear and Frechet, or nuclear 
and duaQ of Frechet, [8l[3l]. We use the projective tensor product 
( 8 ) 7 r, and its completion ( 8 ) 7 ^ for the tensor product of topological vector 
spaces (t.v.s.). For details we refer the reader to [32l|3l]. On the other 
hand, 0 denotes a countable dimensional Lie algebra, k denotes the 
ground field, and O refers to the tensor product over k. 

B.R. would like to thank the Hausdorff Institute in Bonn for its hos¬ 
pitality and support during the time this work was in progress. 

2 Hopf-cyclic cohomology for topolog¬ 
ical Hopf algebras 

In this section we define the Hopf-cyclic cohomology for topological 
Hopf algebras. 

2.1 Topological Hopf algebras 

Let us first recall the notion of a topological Hopf algebra from [H Def. 
1.2], see also O Def. 2], in which they are defined as well-behaved Hopf 
algebras. 

Definition 2.1. A Hopf algebra (resp. algebra, coalgebra) H whose 
underlying vector space is a t.v.s. is called a topological Hopf algebra 
(resp. algebra, coalgebra) if the Hopf algebra structure maps (resp. 
algebra, coalgebra structure maps) are continuous. 

Any countable dimensional Hopf algebra, equipped with the strict 
inductive limit topology [3H Sect. 1.13], is a topological Hopf algebra 
by [D Prop. 1.5.1]. We list below more specific examples. 

^Strong dual, [32j Sect. 11.2.3] 
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Example 2.2. The universal enveloping algebra U{q) of a (countable 
dimensonal) Lie algebra 0 . 

Example 2.3. The Hopf algebra R{G) of representative functions on 
a compact connected Lie group G, [U Sect. 2.4], see also [ 2 ] for a 
linear or semi-simple Lie group G. 

For a further example, the Hopf algebra of (infinitely) differentiable 
functions on a real analytic group, we adopt the terminology of [H]- 

Definition 2.4. Let G be a real analytic group, and let q be its Lie 
algebra. Let also V be a t.v.s. Then, a continuous map ip : G —> V 
is called differentiable if 

(i) for any g ^ G, X ^ q, and t € M, 

ip{g exp(tX)) = if{g) + tlp{g, X, t), 

for a continuous map ^ : G x g x M —^ V, 

(a) for any X ^ q, and differentiable ip : G —)• V, 

X{^) -.G^V, X{ip){g) := ^{g, X, 0) 

satisfies (i), as well as Y{X{ip)) for any X,Y G g. 

Example 2.5. Let G be a real analytic group, and J-°^{G) the space of 
real valued differentiable functions on G. The space F°°{G), equipped 
with the topology of uniform convergence on compact subsets of the 
functions and of their derivatives, is Frechet [Ml Sect. 1.10], and 
nuclear [Ml Sect. 111.51]. As a result, F°°{G) is a well-behaved Hopf 
algebra. See also [21 Ex. 2.2.1], and [H Ex. 1.7]. 

We next record below the definitions of topological modules and co¬ 
modules, see [33] . 

Definition 2.6. Given a topological algebra A, a right topological A- 
module is a t.v.s. M which is a (unital) right A-module structure 
MxA —^ M that extends to a continuous linear map M A —)• M. 
Similarly, given a topological coalgebra G, a left topological C-comodule 
is a t.v.s. V which is a (counital) left G-comodule V —)■ G^ttH. 

An immediate example, that we note here for the later use, is the sym¬ 
metric algebra ^(g*) being a topological U (g)-module via the coadjoint 
action. 

Let us next recall the notion of a differentiable G-module from m- 
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Definition 2.7. A topological G-module V is called a differentiable 
G-module if the map 

p^-.G —y, pffg) :=v- g 

is differentiable for any v € V. 

We then have the following characterization. 

Proposition 2.8. Let G be a real analytic group, and V a t.v.s. If 
V is a left iF°°{G)-comodule, via v r;<-i> iS-k v<o> € F°°{G) (8)^ V, 
then V is a differentiable right G-module by 

V ■ g := v<-^> {g)v<o>, \/v^V,g^G. (2.1) 

Conversely, if V is a differentiable right G-module, then V is a left 
F°°{G)-comodule by 

V :V V{v){g):=vg. (2.2) 

Proof. Let 18 be a left J'°°(G)-comodule. We first show that (12.11) 
indeed defines an action. To this end, it is enough to observe that 

V ■ {gg') = v<-i>{gg')v<o> = A{v<-i>){g, g') v<o> = 

(^v<-^> iSiiT v<°><-^>) {g, g')v<o><o> = (2.3) 

V<-i> (gr)i;<0><-l> (gr')t;<0><0> = [y . gff g', 

Let US now show that the action m is a differentiable G-action. 
For any fixed u G 18, we show that the map p^ : G —> V, given by 
Pvid) = V ■ g, is differentiable. For any X G g we have 

py{g ex.p{tX)) = v<-^>{gexp{tX))v<o> = 

v<-^>{g)v<o> +tv<-^>{g,X,t)v<o> = py{g) + tpy{g,X,t), 

where 

Pvig,X,t) :=u<-i>(5,X,t)u<o>. 

This observation ensures the first condition of Definition 12.41 Next we 
observe for any T G g that 

y {Pv){9 expftX)) = pffgeyip{tX),Y,0) = 

v<-^> {gexp{tX),Y,0)v<o> = Y{v<-^>){g exp{tX))v<o> = 

Y(v<-^>)(g)v<o> +tY(v<-i>)(g,X,t)v<o> = 

^(Pv)(g) + tY(v<-^>)(g, X, t)v<o> . 
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Hence, the second requirement of Definition 12.41 also holds for the map 
Pv : G — > V. We conclude that the G-action is differentiable. 
Conversely, let H be a differentiable right G-module. It follows at 
once from the argument (12.31) that (j2.2p defines a left J^°°(G)-coaction, 
provided V(u) : G —^ V is differentiable. The claim, then, follows at 
once from V(v) = py, for any v €V. □ 

2.2 Topological Lie-Hopf algebras 

In this subsection we revisit the theory of Lie-Hopf algebras [301 [29] 
within the framework of topological Hopf algebras. We begin with the 
matched pair of (topological) Hopf algebras [T7] . 

Let U and T be two (topological) Hopf algebras. A right coaction 

▼ : G —U -T, T(n) = 

equips U with a right J-'-comodule coalgebra structure if the conditions 

^<0>W C>7r'W'<0>(2) ®7r'^(1)<0> ®7r'lf(2)^o> ®7r'W'(l)<i> ^^(2)<i>, 

e('W<o>)^i<i> = £(^^)1, 

are satisfied for any u £U. One then forms a cocrossed product topo¬ 
logical coalgebra that has T as the underlying t.v.s. 

and 

A(/><7rU) = /(i) ><7r'W{l)<o> ®7r/(2)U(i)^,> ><7r li(2), 

e(/><,r«) = e{f)e{u), 
as the topological coalgebra structure. 

On the other hand, J- is called a left i^-module algebra if U acts on T 

i> : U <8*77 T —T 


such that 


u>l = e(n)l, u > {fg) = (up) > f){u(2) > g) 

for any u & U, and any f,g G T. This time one endows the t.v.s. 
T ® 7 r U with an algebra structure, which is denoted by T ^77 U, with 
1 ^ 771 as its unit and the multiplication given by 

(/ >;]77 u){g >477 v) = f{u(i) > g) ^77 U(2)V. 
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Finally, the pair {F, U) of topological Hopf algebras is called a matched 
pair of Hopf algebras if Z// is a right J^-comodule coalgebra, is a left 
^-module algebra, and 

e{u> f) = e{u)e{f), 

A{U >f)= Ua)^o> » /(l) «(l)<i> {U(2) > /(2)), 

T(l) = 10 1, 

T {UV) = U(i) «(1) <i> (^^{2) i> '^<1> )’ 

U(2)<o> 07r {U(l) > /)?X(2)<i> = {U{2) > /), 

for any u £U, and any f G F. One then forms the bicrossed product 
Hopf algebra F ►iijr U. It has F U as the underlying coalgebra, 
F U as the underlying algebra, and its antipode is defined by 

s{f><i^u) = (1 ><1^ 5(tt^o>))(S'(/tt^i>) ><1^ 1), \/ f G F,yu gU. 

Definition 2.9. A left topological Q-module over a topological Lie 
algebra q is a t.v.s. V such that the left g-module structure map 
g 0J,. V — k V is continuous. 

Example 2.10. Let g be a topological Lie algebra. The symmetric 
algebra S'(g*) is a (right) topological g-module by the coadjoint action 
via [U Coroll. A.2.8]. 

Now let be a commutative topological Hopf algebra on which a 
topological Lie algebra g acts by derivations. We endow the vector 
space g 07r with the following bracket: 

[X^^f,Y^^g] = [X,Y]^^fg + Y^^s{f)X>g-X^^s{g)Y>f. 

(2.4) 

Lemma 2.11. Let a topological Lie algebra g act on a commutative 
topological Hopf algebra F by derivations, and s{X > /) = 0 for any 
A G g and f G F. Then the bracket endows g 0,^ H with a 

topological Lie algebra strucure. 

Proof. It is checked in [30], see also [29], that the bracket is antisym¬ 
metric, and that the Jacobi identity is satished. Moreover, since the 
bracket on g, and the action of g on A are continuous, it follows that 
the bracket (12.4p is also continuous. □ 


7 


Next, let T coacts on g via Tg : g —>■ g T . Using the action of g on 
T^ and the coaction of on g, we define an action of g on ( 8 ) 7 ^ T by 

^ • (/^ f) = ^<o> > f ^<i> f + (2.5) 


We note that since the J^-coaction on g, and the g action on T are 
continuous, the action (12.51) is also continuous. 

Definition 2.12. Let a topological Lie algebra g act on a commutative 
topological Hopf algebra T by continuous derivations, and T coacts on 
g continuously. We say that F is a topological g-Hopf algebra if 

1. the coaction Vg : g — > g F is a map of topological Lie algebras, 

2. A and £ are g-linear, i.e, A{X > f) = X • A{f), £{X>f) = 0, 

for any f € F, and any X e g. 

Following m we extend the J'-coaction from g to U{g). 

Lemma 2.13. The extension of the coaction Tg : g ^ g<8)7r.F to 
T : [/(g) ^ [/(g)®,^^^, via 

T(W) = ®7r^i(i)<i>(w(2) i> w'<i>), yu,u' € [/(g), 

T(l) = 10^1, 

( 2 . 6 ) 


is well-defined. 

Proof. It is checked in m that (j2.6p is well-defined. Hence, we just 
need to show that it is continuous, which follows from the linearity [U 
Lemma A.2.2]. □ 


As a result, we obtain a topological version of m Thm. 2.6] as follows. 

Theorem 2.14. Let F be a commutative topological g-Hopf algebra. 
Then via the coaction of F on [/(g) defined above and the natural 
action of U{g) on F, the pair {Lf{g),F) becomes a matched pair of 
topological Hopf algebras. Conversely, for a commutative topological 
Hopf algebra F, if {Lf{g),F) is a matched pair of topological Hopf 
algebras then F is a topological g-Hopf algebra . 

Example 2.15. Let (Gi, G 2 ) be a matched pair of real analytic groups 
with mutual analytical actions, and let (gi,g 2 ) be their Lie algebras. 
Since the infinitesimal action 


Tx ■ G2 


01 ) 


Txiv) ■= 


d_ 

ds 


y > exp(sA) 

s=0 



of G 2 on 01 is differentiabl^i], it follows from Proposition 12.81 that gi 
is a right J^°°(G 2 )-comodule. Moreover, gi acts on by 




exp(sX) > /, 


s=0 


for any X G gi, and any / G T°°{G 2 )- Indeed, 


X{f){yexp{tY)) = ^ 
as 


(exp(sX) t>/)((yexp(fy))) = 


s=0 


A. 

ds 

A 

ds 

jL 

ds 


/((yexp(fy)) <iexp(sX)) = 


s=0 


/((y <1 (exp(fy) 0 exp(sX)))(exp(fy) <1 exp(sX))) = 


s=0 


/((y <1 (exp(fy) 0 exp(sX))) exp(fy))+ 


s=0 


A. 

ds 


f{y{exp{tY) <exp{sX))) 


s=0 


for any y G G 2 , and Y G 02 , and /(yexp(ty)) = f{y)+tf{y,Y,t) for 
some continuous /' ; G 2 x 02 x M —^ M with /'(y, y, 0) = Y{f'){y), 
[n]. Therefore, 


y(/)(yexp(fy)) = 


A. 

ds 


f{y < (exp(fy) i> exp(sX))) + tip{y, Y, t) = 


s=0 


(exp(ty) t>X)(/)(y) +f(/?(y,y,t) = X{f){y) + til^{X,Y,t){f) +t(p{y,Y,t), 
where i^iX, Y,0) =Y t> X, and 


:= 

d 


ds 


f'{{y < (exp(fy) 0 exp(sy))), y, t) + 


s=0 

// 


Al 

ds 


f'{y,Y <exp(sX),t) 


s=0 


with /" : G2 X 02 X M —> M is given by 

/"(y,y <exp(sX),0) = (y <iexp{sX)){f){y). 


Follows from 


exp(ty) > X = X + t/i(x, y, t), y{x, y 0) = y > X, 

for any X G Qi, and any Y G 02 , which, in turn, follows from the action of G 2 on Gi being 
analytical. 
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As a result, X{f){y exjp{tY)) = X{f){y) + t^{y,Y,t), where 


$(i/,y,o) 


{Y>X){f){y)+j- 

as 


f{y<exp{sX), Y, 0)+(y <X)(f)(y), 

s=0 


which is differentiable. We thus obtain that X(f) € J-°°{G 2 ) for any 
/ € X°°(G 2 ), and X S 0 i. Next, it remains to verify the conditions of 
Definition 12.121 The first requirement follows from [161 Lemma 3.2], 
and the second from [T 6 l Thm. 3.1]. It then follows that X°°{G 2 ) is a 
01 -Hopf algebra. 

Finally, in view of Theorem 12.141 we obtain the Hopf algebra H := 
X^{G2)t^nU{Qi). 


3 Hopf-cyclic cohomology for topolog¬ 
ical Hopf algebras 

In this section we first recall the basic definitions and results for Hopf- 
cyclic cohomology with coefficients in the category of topological Hopf 
algebras. We continue by characterizing the category of coefficient 
spaces (SAYD modules) over a topological Hopf algebra % as the 
category of representations of a topological algebra associated to the 
Hopf algebra %. 

3.1 Hopf-cyclic complex for topological Hopf 
algebras 

We shall include, in this subsection, a brief discussion of Hopf-cyclic 
cohomology with coefficients in the category of topological Hopf alge¬ 
bras. To this end, we adopt the categorical viewpoint of [1], see also 
m, to consider cocyclic modules in the category of topological Hopf 
algebras. 

Let be a topological Hopf algebra. A character S : T-L —^ A; is a 
continuous unital algebra map, and a group-like element a € Ti is the 
dual object of the character, i.e. A{a) = and £{a) = 1. The 

pair ((5, a) is called a modular pair in involution (MPI) if 

6 {a) = 1 , and Sj = Ad^-, 

where Ado-(/i) = aha~^, and Ss{h) = 6 {h(i))S{h( 2 )). 
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In the presence of a topology, we shall extend the scope of the canonical 
MPI associated to a Lie-Hopf algebra [29l Thm. 3.2], to a g-Hopf 
algebra of an infinite dimensional Lie algebra g. 

It follows from [21 Prop, l(iii)] that g° (g)^ g = End(g), and hence there 
exists a well-defined element 

P = '^r^wXi € g° g, 
i&I 

that corresponds to Id € End(g). This, in turn, results in a well- 
defined functional 


(3.1) 

i€l 

Note that in case g is finite dimensional, {Xi | i € /} and {/* | i € 1} 
are dual pair of bases, and we have dg = Tr o ad. 

Next, let g = be a sequence of definition (HU Sect. 13], com¬ 

patible with the T'-coaction, that is, the right J-'-coaction V : g —> 
g ® 7 r -T restricts to V : Vn ^ Vn 07 r -T, for any n € N. 

For instance, if {Gi,G 2 ) be a matched pair of Lie groups, with Lie 
algebras gi and g 2 , such that gi is a locally finite (differentiable) G 2 - 
modul^, then gi = 14 for the finite dimensional G 2 -submodules 

14 , n G N, and V : gi —^ gi < 8 ) 7 r •T°°(G' 2 ) restricts to V : I 4 —>■ 

14 'S>TT T°°{G 2 ) for any n G N. 

For any such topological g-Hopf algebra X, let 

a = lim an G tF, (3.2) 

n —^cxD 

where fj„ G T” is defined as the determinant of the first order matrix 
coefficients on the finite dimensional U^^^I4 4 g- By |291 Lemma 
3.1], an is a group-like for any n G N, and since the comultiplication 
A : F —)• FF is continuous, we have A(cr) = A( lim an) = 

n—yoo 

lim A((Tn) = a (g) 7 r a. That is, cr G T” is also a group-like. 

n—>00 

Lemma 3.1. The group-like a (z F is independent of the choice of 
the sequence of definition. 

Proof. Let g = UnGNl4 = U^gNbLn be two sequence of definitions. 
Accordingly we have two sequences ((T„)nGN 4 F, obtained as the 

^Any element of gi is contained in a finite dimensional (differentiable) G 2 -module [121 
Sect. 1.2]. 
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first order matrix coefficients of the coaction Vn —^ Vn ^and 
(cj^)„gN ^ obtained as the first order matrix coefficients of the 
coaction Wn —>■ Wn T. Let then o := lim cj„ € T^ and similarly 

n—>oo 

a' = lim a' € T . 

n —^oo 

Since a sequence of definition consists of an increasing sequence of 
subspaces, for any re € N, there is reg € N such that Vn Li and 


hence a' ^ T agrees with a ^ T on Vn for any re G 
conclude that a = a'. 


N. We thus 

□ 

Accordingly, we have the following generalization of |29l Thm. 3.2], 

Theorem 3.2. Let q be a topological Lie algebra, and T a topological 
Q-Hopf algebra. Let also g have a sequence of definition compatible 
with the J--coaction. Then 6 : C/(g) —> k being the extension of the 
functional (5g : g —^ k of and a £ T the group-like defined by 

(13. 2p . the pair (5, a) is an MPI for the Hopf algebra T Uis)- 

Proof. Since a sequence of dehnition consists of an increasing sequence 
of subspaces, for any Xj G g there is reo G N such that Xj G 
which is finite dimensional. The claim then follows from the proof of 
|29l Thm. 3.2], see also [Ml Thm. 3.2]. □ 

Stable anti-Yetter-Drinfeld (SAYD) modules appeared first in [ini [H] 
as the generalizations of modular pairs in involution [5] . In the rest 
of this subsection we upgrade them to the level of topological Hopf 
algebras. 

Definition 3.3. Let V be a topological right LL-module hyV<^PL^V, 
v®h —)• V ■ h, and left TL-comodule via W : V ^ PL0V, T(n) = 
® ^<o> ■ say that V is an AYD module over PL if 


'<o> ■ 


j(v h) = S(h( 3 ))v^_^^h(i) §nV<o> ■ ^(2) I 
for any v £ V and h £ PL. Moreover, V is called stable if 


for any v £ V. 

Similar to the algebraic case, any MPI defines a one dimensional SAYD 
module and all one dimensional SAYD modules come this way. 

Proposition 3.4. Let PL be a topological Hopf algebra, a £ PL a group¬ 
like element, and 5 G PL° a character. Then, (5, a) is an MPI if and 
only if ^ks is a SAYD module over PL. 
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We next define the Hopf-cyclic cohomology, with SAYD coefficients, of 
topological module coalgebras. To this end we first recall the tensor 
product of topological modules over a topological algebra from m 
Def. 1.7]. Let A be a topological algebra, M a topological right 
A-module, and N a topological left A-module. Then, M ^ is 
defined to be the vector space (M x N) /W , equipped with the quotient 
topology, where 

W := Span{(ma, n) — (m, an) \ m G M, n € N, a A} C M x N. 

We note also from [SU Prop. 4.5] that, as a topological space, M 
is Hausdorff if and only if W is closed, see also [33l Prop. 1.5]. 

Let P be a right-left SAYD module over a topological Hopf algebra 
H, and C a topological 77-module coalgebra via the continuous action 
77(8>7rC —> C, that is, 

A{h ■ c) = (/i(i) ■ C(i)) (g)^ (h(2) • C(2)), e{h ■ c) = e{h)e{c). 

We then define the topological Hopf-cyclic complex of C, with coeffi¬ 
cients in V, under the symmetry of 77 by 

C'"p(C,77,P):=P§«C®--+\ n>0, 

equipped with the face operators 

di : C"p(C,77,P) ^ Cro+'(C,77,P), 0 < i < n + 1, 

di{v ® 7 r C"") = U C° (gff • • • c\i) (g C*( 2 ) c"", 

dn+l [V (g^ C° (g^r • • • §7r c”) = V (g C°(2) (g (g7r ' ' ' Stt c” (g V■ C°(i), 
the degeneracy operators 

u,- : C-p(C,77,P) ^ Cr„;i(C,77,P), 0 < i < n - 1, 

aj{v C° g) 7 r • • • 07 r c”) = U g)-H c° g)7r • • • §7r Stt ' ' ' (g-rr c"", 

and the cyclic operator 

T : Crop(C,77,P) ^ crop(C, 77, P), ^3 3 ^ 

t{v (g-^ C° (g.n- • • • (g,r c”) = (g-^ ®-n ' ' ' W-1> ’ ' 

Then, the graded module 77, P) becomes a cocyclic module [9], 

with the Hochschild coboundary 

n+l 

b : crop(C,77, P) ^ Cro+HC,77,P), b := ^(-1)*^., 

i=0 
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and the Connes boundary operator 


n 



which satisfy = B'^ = [b + B)"^ = 0 by [2]. We note that 



is the extra degeneracy operator. 

Definition 3.5. The Hopf-cyclic cohomology of the topological coalge¬ 
bra C under the TL-module coalgebra symmetry, with coefficients in a 
SAYD module V overTL, is denoted by and is defined 

to be the total cohomology of the bicomplex 



The periodic Hopf-cyclic cohomology of the topological coalgebra C un¬ 
der the H-module coalgebra symmetry, with coefficients in a SAYD 
module V over H, is denoted by and it is defined to 

be the total cohomology of the bicomplex 



Furthermore, it follows from the proof of [331 Prop. 1.5] that, in case 
C = H a module coalgebra with the left regular action of H, the map 




(3.4) 


V ®-K ■■■ ®-K lA" ^ V ■ /i°(i) S{h^(2)){h^ ■ ■®-K h"') 

identifies Clfp{C, n,V) = V ®n and V) := V " 


as topological spaces. In this case, the cocyclic structure is trans¬ 
formed into the one with the face operators 


di : Cf,p{H, V) ^ Cf+\H, V), 0 < i < n + 1 

'9o(n (8)vr h}®TT ■ ■ ■ ®-whT) = v ®l® • ■ • ®.„h^, 


di{v ® h^®T, ■ ■ ■ ®Trh"') = V ® h^^Tr ■ ■ ■ <Xl7r/i\l) ® h\ 2 )®T, ■ ■ ■ ®t,H' 

dn+i{v ® ■ ■ ■ ®T,hT) = (g) • ■ ■ ®T,h^ ® 


n 
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the degeneracy operators 


a, : V) ^ C^,-\n, V), 0 < j < n - 1, 

aj{v ® ■ ■ ■ (gijrh”) = v® h^®T, ■ ■ ■ ®Tr£{h^^^)®Tt ■ ■ ■ ®-wh'^, 

and the cyclic operator 

t{v (g) S{h^(2)) • (/i^0,r • ■ ■ ®7rh” (g) 

3.2 Characterization of Hopf-cyclic coefficients 

In this subsection we upgrade the content of m Prop. 4.2] to topo¬ 
logical Hopf algebras. More precisely, we shall identify the category 
of SAYD modules, over a topological Hopf algebra Ti, with the repre¬ 
sentation category of an algebra BaydO^) associated to %. 

To this end, we recall from m Prop. 4.2] that in case H is finite 
dimensional, P is a AYD module over H if and only if it is a module 
over Bayd{H) := H* (g) if, the algebra structure of which is given by 

(ip^h) ■ {(p' ®h') = {h(3)))p\3){S‘^ {hA)))^^'{2) (g)h(2)/i'. (3.5) 

Now let if be a topological Hopf algebra, 7i° is its (strong) dual, 
and ii^y^(ii) := 71° is the algebra whose multiplication is the 
extension of (13.51) to (gj^^. 

It follows from [21 Prop, l(iii)], see also [I], that there is an isomor¬ 
phism 

A : B*^^j^{'H) —> End(ii), A(y?<g)w h){x) = ip{x)h 

of vector spaces. As a result, we have an element 

p:= j;rg.XiG4%(ii) (3.6) 

iei 

corresponding to the identity Id-^ € End(ii), i.e. X{p) = Id-^. We 
thus record below the following generalization of uni Prop. 4.2] as the 
main result of the present subsection. 

Proposition 3.6. Let LL be a topological Hopf algebra. If V is a 
right-left AYD module over H, then it is a right B^^-module via 

v-(p§„ h) := ■ h. 
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Conversely, ifH is a topological Hopf algebra and V is a right 

module, then it is a right-left AYD module over H by the right T-L- 

action 

V ■ h := V ■ (s ( 8 ) 7 r h), 

and the left T-L-coaction 

■='^Xi®T,V ■ (/* 0 ^ 1 ). 

iei 

As for the stability we have the following result. 

Proposition 3.7. Let Li be a topological Hopf algebra, and V a right 
B^^j^{LL)-module. Then V is stable if and only if the fixed point set 
of p is V. 

Example 3.8. Let iL be a countable dimensional algebraic Hopf al¬ 
gebra, equipped with the natural topology. Then, 

1. an AYD module over H, 

2. H*®H, 

are right modules over Bayd{H) = former by Propo¬ 

sition [3i6l and the latter by the right regular action. Hence they make 
coefficient spaces for the topological Hopf-cyclic cohomology, under 
the symmetry of H. 

Remark 3.9. If 7^ is a topological Hopf algebra, H is a right / left 
SAYD module over LL, and C is a topological left 7^-module coal¬ 
gebra, then the cyclic operator (13.3p can be given by the element 
p G B^^yjj{LL) of (13.61) as 

t{v C° (g)^ • • ■ c") = • f) Xi ■ C° 

iei 

for any v € V, and any c°,..., c" £ C. 

Remark 3.10. If V is an AYD module over a Hopf algebra LL, then 
its (strong) dual V° is naturally an AYD-contra-module [3], which is, 
in view of Proposition 13.61 a left module over B^^yn- This leads us to 
a classification of AYD contra-modules, and has a direct application 
in cup products in Hopf-cyclic cohomology. This is the ground for a 
detailed discussion in an upcoming paper [3l] . 
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Remark 3.11. We finally note that the topological Hopf-cyclic coho¬ 
mology is a natural generalization of the algebraic one. Any (countable 
dimensional) algebraic Hopf algebra H, and any (countable dimen¬ 
sional) algebraic SAYD module V over H can be topologized with 
the strict inductive limit topology [M] (the natural topology [U Ap¬ 
pendix 2]). In this case, the algebraic and the topological Hopf-cyclic 
complexes coincide, [H Prop. A.2.7(ii)]. 


4 Cyclic cohomology for topological Lie 
algebras 

In this section we review the cyclic cohomology theory for Lie alge¬ 
bras in the presence of a topology. The main difference between the 
algebraic and the topological points of views manifests itself on the 
corepresentation categories of a topological Lie algebra g, and its uni¬ 
versal enveloping algebra U (g) viewed as a topological Hopf algebra. 
More precisely, in Subsection 14.11 we remove the local conilpotency 
condition of 1271 Def. 5.4], and we thus cover examples such as the 
symmetric algebra ^(g*), see [271 Ex. 5.6]. In Subsection 14.21 on the 
other hand, we discuss two cyclic cohomology theories associated to a 
topological Lie algebra. 


4.1 Corepresentations of topological Lie alge¬ 
bras 


In this subsection we shall study the categories of comodules over a 
topological Lie algebra g, and comodules over its universal enveloping 
Hopf algebra U{g). 


Definition 4.1. Let g be a topological Lie algebra, and V a t.v.s. 
Then V is called a topological left g-comodule if there exists a linear 
map 

Vg : H —g 07 rH, Vg(u) := U[-i] 0^ U[oi 


such that 


V[- 2 ] A U[-i] <g>vr U[0] = 0. 


Example 4.2. The symmetric algebra 5'(g*), equipped with the natu- 
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ral topology, is a (left) topological g-comodule by the Koszul coaction 
V*:5(g*)^g§,5(g*), 

V;{R){Yo, ...,Yg) = Y^ YkR{Yo,... ,9^,... ,Yg), 

fc =0 

for any Yq, ... ,Yq ^ q, and any R G 5'g(g*), [M]- 

Let us recall from m Prop. 5.2] that any g-comodule V is naturally 
a module over ^(g*) via 


V ■ f = f(vi-ij)v[oj. (4.2) 

We shall see that this correspondence is revisable in the topological 
case as well. 

Proposition 4.3. Let q be a topological Lie algebra, and V a t.v.s. 
Then, V is a topological left g-comodule if and only if it is a topological 
right S{g*)-module via ()4.2I) . 

Proof. Let P be a topological left g-comodule via V : V —>■ g ( 8 ) 7 ^ V, 
V(u) = U[-i] ( 8)77 U[o]. Then since the g-coaction is continuous by the 
assumption, the (right) S'(g*)-action given by (|4.2I) is also continuous. 
Conversely let P be a topological right 5(g*)-module via an action 
P® 7 r 5 '(g*) —S' V, V f V ■ f. Using the element /* Yi G 
g° ( 8)77 g = End(g) that corresponds to Id G End(g), we have v ■ f = 
fiXi)v ■ /*. Hence the claim follows from the fact that v 1 —>■ 
Xi ( 8)77 V ■ P dehnes a (left) g-coaction. □ 

Corollary 4.4. Given a topological Lie algebra g, the category of topo¬ 
logical left g-comodules, and the category of topological right ^(g*)- 
modules are isomorphic. 

Next, a topological analogue of 1271 Lemma 5.3] is in order. 

Proposition 4.5. Let V be a t.v.s., g a topological Lie algebra, and 
U (g) be its universal enveloping Hopf algebra. IfV is a topological left 
U{g)-comodule, then it is a topological left g-comodule. 

Proof. It follows from [H Lemma A.2.2] that the canonical projec¬ 
tion vr ; [/(g) —> g, and similarly tt ( 8 ) Id : [/(g) < 8)77 P —S' g 8)77 P is 
continuous. Thus the claim follows. □ 
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The next proposition is about the reverse direction which is the one 
that algebraic comodules fail to take. However, we shall need the 
following terminology. 

Definition 4.6. A t.v.s V is called fixed-bounded if for any fixed v G V 
there is a family of seminorms {qa | A G A}, that defines the topology 
of V, such that 

supq\{v) < oo. 
agA 

Example 4.7. Any normable space is fixed-bounded. 

We are now ready to prove our main result in this section. 

Proposition 4.8. Let q be a topological Lie algebra, U{q) its universal 
enveloping Hopf algebra, and V be a fixed-bounded left Q-comodule 
by S/q : V —)■ q®-kV, where Vg(u) := u [-i] ® 7 r u[o]. Then, V is a 
topological Lf {q)- comodule via 

OO . 

Vg^P : H— >U{g)^^V, u ^ —U[-fc] ... U[-i] U[o]. (4.3) 

k=0 

Proof. Let v € V, and {q\ | A G A} is the family given in Definition 
\TM We first show that the series (14.31) converges. To this end, we 
consider the sequence 


(Sn)nGN; 


1 


n 

Sn ■= ^ 
k=0 


. U[-i] ^^[0] 


(4.4) 


of partial sums. For any continuous semi-norm p on U(q) V, using 
|34l Prop. 7.7] and the continuity of the g-coaction, for any n > m we 
have Aj G A such that 


p{Sn - Sm) < ^ • • • H-l]®7rHo]) 


k=m+l 


< 


E 

k=m-\-l 


hXkiv) 

k\ 


< 


n 


s\xppx{v) 

AgA 


E 

k=m-\-l 


1 


Therefore, the sequence ()4.4h of partial sums is Cauchy, and hence 
converges in U{g) . Finally, by [271 Prop. 5.7], (14.31) is indeed a 
coaction. □ 
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As a result, we can consider the following simple example as a g- 
comodule which is not locally conilpotent. 

Example 4.9. Let g = {X) be a one dimensional trivial Lie algebra. 

Then k —)■ g k, \ ^ X 1 determines a left g-coaction on A:. As 
a result of Proposition 14.81 we have the exponentiation 

k — >U{Q)®T,k, 1 i-7> exp(A) (g) 7 r 1. 

On the next result, we extend the scope of Proposition 14.81 to ^(g*), 
equipped with the Koszul coaction. We thus obtain an example of an 
infinite dimensional g-comodule which is not locally conilpotent. 

To this end we will need the following terminology. A topological 
algebra is called locally multiplicatively convex, if its topology can 
be defined by a family of submultiplicative0 semi-norms. In order to 
check whether an algebra is locally multiplicatively convex, one uses 
the following lemma of |18] . see also |26l Coroll. 1.3]. 

Lemma 4.10. Let A be a locally convex topological algebra. Suppose 
A has a base ^ of absolutely conve^ neighborhoods at 0 with the 
property that for each P G ^ there exists U and C > 0 such that 
UV C CV. Then A is locally multiplicatively convex. 

We now see that this is the case for 17(g) and ^(g*) with the natural 
topology. 

Lemma 4.11. For a topological Lie algebra g, the universal enveloping 
algebra 17(g) is locally multiplicatively convex. 

Proof. The canonical filtration (17n(g))n6N) see for instance [U Sub¬ 
sect. 2.3.1], determines a sequence of dehnition for the natural topol¬ 
ogy on 17(g). 

Let V be an absolutely convex neighbourhood of 0. Let also 

U := {al j a G C, ja] < 1} C 17o(g). 

It follows immediately that 17 n 17„(g) = 17 is convex for any n G N, 
and that 17 is balanced. Moreover, since V is balanced, 17P C V, and 
hence the claim. □ 

^A semi-norm p : A —> [0,oo) is said to be submultiplicative if p{ab) < p{a)p(b) for 
any a,b G A. 

^Convex and balanced, where a subset 17 of a l.c. t.v.s. W is called balanced if Aw G 17 
for any w GW and any A G C with |A| < 1. 
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The same is true for the symmetric algebra 5 '( 0 *). 

Lemma 4.12. For a topological Lie algebra 0 , the symmetric algebra 
^(g*) is locally multiplicatively convex. 

Proposition 4.13. Let q be a finite dimensional Lie algebra. Then 
the symmetric algebra S{q*) equipped with the Koszul coaction ()4.1I) 
is a topological Lf {q)- comodule via ()4.3p . 

Proof. Recalling the element P ^ 0° ® 7 r 0 — End( 0 ), we 

may express the Koszul coaction (14.11) as VfiR) = 
any R £ S{q*). As a result we have 

OO ^ 

V-P(R) = ^ - A,, ... A,, Rr ■■■r. 

k=0 

Then, along the lines of the proof of Proposition 14.81 for 

n 

sn-=Yl • • • rx (4-5) 

k=0 

and any seminorm pp^q on f 7 ( 0 ) ( 8 )^ S{q*) we observe that 

"■ 1 

Pp,q{Sn-Sm)< ^ —^(A^ ... A* •••/*'') 

k=m+l 
n 

^ E J^PiX^,)■■■p{X^MR)Q{n ■■■<!{fp, 

k=m-\-l 

since [/(g) and 5 '( 0 *) are locally multiplicatively convex by Lemma 
14.111 and Lemma 14.121 It then follows from |34l Prop. 7.7] that there 
is a semi-norm p on ^(g*) such that 


As a result, 

n ^ 

Pp,q{Sn ~ Sm) Fi ^ ^ d{R)- 

k=m+l 

Therefore, the sequence (sn)neN of partial sums given by (14.51) is 
Cauchy, and hence converges in U (g) ( 8 ) 7 r <5(0*). □ 
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We conclude this subsection with a short discussion on AYD modules 
over topological Lie algebras. 

Definition 4.14. Let V be a topological right module / left comodule 
over a topological Lie algebra g. We call V a right-left topological AYD 
module over g if 

V{v ■ X) = n[-i] 07 ^ vio] ■ X + [n[-i], X] 0^ vio]. (4.6) 

In addition, V is called stable if 

n[o] ■ n[-i] = 0. (4.7) 

Proposition 4.15. Let q be a topological Lie algebra, and V a topo¬ 
logical Q-module / comodule. Then V is a topological right-left AYD 
module over g if and only if it is a topological right-left AYD module 
over U (g). 

Proof. It follows from ProDosition l4.5l that if Y is a left U (g)-comodule, 
then it is a left g-comodule. On the next step we use Proposition l4.8l to 
conclude that P is a left C/(g)-comodule if it is a g-comodule. Finally, 
the AYD condition is similar to p7l Lemma 5.10]. □ 

4.2 Cyclic cohomology theories for topological 
Lie algebras 

In this subsection we extend to topological Lie algebras, the two cyclic 
complexes introduced in [27j. More precisely, the complex associated 
to a Lie algebra and a SAYD module over it, generalizing the Lie 
algebra homology complex, and the one associated to a Lie algebra 
and a unimodular SAYD module over it, generalizing the Lie algebra 
cohomology complex. 

We shall begin with the unimodular stability 1271 Prop. 2.4] on the 
level of topological Lie algebras. 

Definition 4.16. Let q be a topological Lie algebra, and V a topo¬ 
logical right Q-module / left g-comodule. Then V is called unimodular 
stable over g if any element of V is annihilated by /* £ 

g(g)jrg° = End(g), that is. 



22 


If g is finite dimensional, then ^ 0* ® 0 consists of a 

dual pair of bases, and the above definition coincides with the one 
given in m- Similarly, the stability can be given by the trivial action 

of Eie/ ^ 0° 0- 

Let us next recall the cohomology of the topological Lie algebras from 
[25l Def. 1.1], see also [35]. Given a topological Lie algebra g, and a 
topological g-module V, let VLtop(g, V) denote the space of continuous 
alternating maps g^"’ —^ IL for n > 0. In other words, ILtop(0)f^) is 
the set of continuous n-cochains with values in V. Then, bTtop(0)f^) 
is a differential complex with the differential 

dcE:W,l^{Q,V)^W,i;\Q,V), 

dcE{a){Yo, ...,Yn):= T,], Tq, ,Yj, .. .Yn) 

i<j 
n 

3=0 

Similarly we dehne the Koszul boundary map, see m Sect. 3.2], by 
dK(/3)(yi,...,y„) := ^ ixAPWi.f- 

iei 

Since the truncation and the S'(g*)-action are continuous, by Proposi- 
tion l4.31 the Koszul boundary map restricts to the continuous cochains. 
Moreover, for any /3 G 

4(/3)(yi,... ,y„_i) = ^ ■ ■. ,yn-i) • Pf = 0, 

that is, 4 = 0- 

We are now ready to define a cyclic cohomology theory for topological 
Lie algebras. To this end we record the following analogue of m 
Thm. 2.4]. 

Proposition 4.17. Given a topological Lie algebra g, and a topological 
(right) Q-module / (left) Q-comodule V, 

(W,lp(g,V),dcE + dK), W,lp(g,V) := 0iy-p(g,y) (4.9) 

n>0 

is a differential complex if and only ifV is a unimodular SAYD module 
over the Lie algebra g. 
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Proof. Given any 7 G W^top(0) n > 0, we have 

dcEdK{'y){yo, ■ ■ ■ , ^n-l) = 

J2i-'^y^^dK{l)m,Yj],Yo, Yn-i) 

i<j 
n—1 

+ ^(-iy+idK(7)(^o, ...,Yj,.. .,Yn-i) ■ Y, 
j=0 

= E ^i], ...,Y„...,Yj,---, Yn-i) • f 

kGl i<j 
n—1 

+ E E(-l)'^n7(^A:, lo, . . . , l",, . . . , • /") • 

kai j=o 

as well as 

dK^^CE(7)(^0, • • • , Yn-l) = E dcE(7)(^fc, >0, • • • , Y^-l) • f 

kei 

= E Fo, •••,?*,•••,?,•,•••, i^-i) • f 

k^I i<j 
n—1 

+ E ^0’ •••,?.•,•••, ^n-l) • /" 

fee/ j=o 

-E(7(i1),•••,>;^-l)•^fc)•/" 

kGl 

n—1 

+ E ^ 0 ’ • • •, • • •, • Yj) • f\ 

k&I j=0 

As a result, (|4.9p is a differential complex, i.e. dcE^K + ^k^ce = 0 if 
and only if for any 7 G V), and any Iq, • • •, Yn-i G 0, 

n—1 

E E(-i)'^' [(7(^fc, >0 ,..., ..., • /") • 

feG/ i=o 

- E(7(^fc, Fo,..., ..., • Y^) ■ f^] 

k£l 

n—1 

+ E J2(-^y^"^(l^k,Y,],Yo, ...,Yj,..., Yn-i) ■ /" 
fee/j=o 

-E(7(lo,...,i;^-i)-Afc)./^ = 0 . 

kGl 
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This last equality for a 7 G lTtop( 0 , V) := V is 

kGl 

that is, the unimodular stability. For a 7 G hFtop( 0 ,F), on the other 
hand, we obtain 

kGl kel 

- Y. tm, r]). f - Yi'im ■ ■ f- = 

kei kei 

■Y)-f- YM-Yk) -h-Y - 5;7(|.r>„rl) ■ z'- = 0 , 

kei kei kei 

which is precisely the AYD compatibility. □ 

Definition 4.18. The cyclic cohomology of 0 with coefficients in a 

-—■— * 

unimodular SAYD module V over 0 , which is denoted by V), 

is defined to be the total cohomology of the bicomplex 

r<„ 7 ( 0 ,F), if 0 <p<q, 

0 , otherwise. 


Similarly, the periodic cyclic cohomology of 0 with coefficients in a 

-—■—■ ^ 

unimodular SAYD module V over 0 , which is denoted by V), 

is defined to he the total cohomology of 


WZ{q,V) = 




0, 


otherwise. 


Let 0 be a topological Lie algebra, and V a topological right 0 -module 
/ left 0 -comodule. Similar to m Sect. 4.2], we can associate a cyclic 
cohomology theory to a topological Lie algebra 0 , and a SAYD module 
over it, by setting 

CP(0,F) := A"0§^Y 


25 


with two continuous differentials 


9ce ■ ^n+l (0,y)^cr(0,^), 

n 

9cE(h"o A ■ ■ ■ AYn^-jrv) = ^(-ly+^Yb A ■ ■ ■ AYj A ■ ■ ■ AYn®-,r V ■ Yj + 

3=0 

n 

Y, {-iy^'^[YjM AYo A ■ ■ ■ AYj A ■ ■ ■ AYk A ■ ■ ■ AYn0nV, 

j,k=0 

and 

9K:Cr(0,^)^O(0,^)> 

c>k(^i a ■ ■ ■ AYn^nv) = U[-i] A Yi A • • • A F„ U[o]. 


Having defined the (co)boundary maps, we can immediately state the 
following analogue of [271 Prop. 4.2]. 

Proposition 4.19. Let g be a topological Lie algebra, and V a topo¬ 
logical right g-module / left g-comodule. Then (C*°^( 0 , V), 9ce + 9^) 
is a differential complex if and only ifV is a SA YD module over g. 

As a result, we define the cyclic cohomology of a topological Lie alge¬ 
bra, and a topological SAYD module associated to it. 

Definition 4.20. The cyclic cohomology of g with coefficients in a 
SAYD module V over g, which is denoted by HCf^p{g,V), is defined 
to be the total cohomology of the bicomplex 

fCq^p{0.r), if 0<p<q, 

C“''(8 ,v')=] 

0 , otherwise. 


Similarly, the periodic cyclic cohomology of g with coefficients in a 
SAYD module V over g, which is denoted by HPffp{g,V), is defined 
to be the total cohomology of 


cl°^(a,v) 


'C^-p(3.V), if P<q, 

0 , otherwise. 
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5 Computation 

In this section we compute the Hopf cyclic cohomology of topological 
Lie-Hopf algebras. To this end, we consider in the first subsection 
the coalgebra Hochschild cohomology of which appears in the 

£ii-page of a spectral sequence computing the Hopf-cyclic cohomology 
of the topological Lie-Hopf algebra T'°°(G 2 )>< 7 rt/( 0 i) associated to a 
matched pair (Gi,G 2 ) of Lie groups. 

5.1 Coalgebra Hochschild cohomology of T°°{G) 

In this subsection we identify the coalgebra Hochschild cohomology of 
the Hopf algebra J-°°{G) of differentiable functions on a real analytic 
group G, with coefficients in a differentiable G-module V, with the 
differentiable cohomology (and hence the continuous cohomology | 1 I ] 1 
of the group G. The latter, in turn, is identihed with the relative Lie 
algebra cohomology of the Lie algebra g of G, relative to the Lie 
algebra of a maximal compact subgroup of G, [Ml El El]. 

Let us first recall the differentiable cohomology from m- For n > 0, 
let C2{G, V) be the space of all differentiable maps G^ —)■ V, 

C^(G,V) = ^C2(G,V), 

n>0 


and let 

d(c)(gi,... ,gn+i) := gi ■ c(g 2 , ■ ■ ■ ,gn+i)+ 

n 

■ ■ ■ ,gn+i) + {-iT^^c{gi, ...,gn)- 

1=1 

(5.1) 

Then (G^(G, V),d) is a differential graded complex whose cohomology 
is called the differentiable cohomology of G with coefficients in the 
differentiable G-module V, and is denoted by H2{G,V). 

Proposition 5.1. LetV he a left {G)-comodule viav e->■ u<-i> • 

Then the map 

T:G"(7-°°(G),H)^G^(G,H), 

... §)^D{gi,...,gn) ■= vf^{g~^)f{g~li) ... r{gf^) 
is an isomorphism of complexes. 
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Proof. We note by Proposition [22] that being a left J^°°(G)-comodule, 
F is a differentiable right G-module. Thus, V possesses the left G- 
module structure given hy x ■ v := v ■ x~^. Accordingly we have 


••• Stt/”)) {gi,... ,gn+l) = 

gi ■■■ ®7 r/”)(5'2 ,---,5 'n+l) + 


^(-l)^T(u /i ... Digi,.. .,gjgj+i, ■ ■ • ,5n+i)+ 

i=i 

®7r ■ ■ ■ ®7r f"'){gi,- ■■,gn) = 

9i-vfi9nli)---n92^) + 


Y^[-iyvf\g-l^)... • r( 5 r')+ 

i=i 


{-ir+\fyg-y-r{gfy, 


(5.2) 


^'(6(u0,r/^®7r ■■■ ®7r/”))(fi'l,---,5'n+l) = 

... §^/”)(c/i,...,5„+i)+ 
n 

^(-l)%(u§)^... §)^A(/-^')§^ ... 07 r/"')( 5 l, • • • 
i=i 

(_1)«+1^(^<0> ... §)7,/”§^U<-l>)(5i,...,Srn+l) = 

^/'(<7n')---r(5r')+ 

n 

^(-i)%/nff"+i)... /^(5n4+25n4+i) ■ ■ ■ r(5r^)+ 

J =1 

(-i)"+i9i.^/‘(9„yi).../"(9r‘). 

On the other hand, for 1 < J < n, one has l<k\=n + l—j < n, 
and by this substitution we rewrite (15.2p as 

d (T(u® 7 r f^^TT ■■■ ^77 /"■)) (51, • • -,971+1) = 

gi-vf\g-ly...r{gfy+ 

n 

■ ■ ■ /‘((9„+i-M„+2-t)-‘) ■ /”fe')+ 

k=l 
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As a result, we see that 

■■■ §7r/”)) = (-l)”+^^'(6 ••• ®7r/”))- 

□ 

Following 123 n] we denote by H*{G, V) the continuous cohomology 
of a topological group G, with coefficients in a continuous (left) G- 
module. A continuous G-module is defined to be a Hausdorff t.v.s. 
such that the G-action G xV —> V is continuous, and H*(G,V) is 
defined to be the homology with respect to the coboundary (15.11) . 

Let us next recall the relation between the continuous cohomology 
and the differentiable cohomology from m Thm. 5.1]. To this end, 
we need to recall the integrability of the coefficient space P, see also 
[IS 2.13]. 

Definition 5.2. Let V he a t.v.s., and G a locally compact topological 
group. Let also F{G, V) he the space of all continuous maps G —V 
with compact support, topologized hy the compaet-open topology. Then 

V is called G-integrahle if there is a continuous map Jq ■ F{G, V) —^ 

V such that for any j £ V° and any f G F{G, V), 

7(«/g(/)) = ^g( 7 o/), (5.3) 

where Lq is a Haar integral on G. 

In case G is replaced by M, and the Haar integral by an ordinary 
integral over [0,1], V is called [0, l]-integrable. The following is [111 
Thm. 5.1]. 

Theorem 5.3. Let G be a real analytic group, and V a differentiable 
(left) G-module. If V is locally convex and G-integrahle, then the 
canonical homomorphism H^{G, V) — H*{G, V) is an isomorphism. 

We note from [231 2.13(iii)] that any finite dimensional Hausdorff, or 
more generally any continuous G-module which is complete as a t.v.s. 
is G-integrable, see m Sect. 6]. 

The passage to the continuous group cohomology enables us to link 
the Hochschild cohomology of F°°{G) to the (relative) Lie algebra 
cohomology, [m Sect. 6]. 

Theorem 5.4. Let G be a real analytic group, and K be a maximal 
compact subgroup of G. Let also V be a locally convex G-, K-, and 
\)I,\]-integrable differentiable G-module. Then, 

HfiG,V)^H*cE{3,t,V). (5.4) 
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5.2 Hopf-cyclic cohomology of J^°°(G'2)^7rt/(0i) 

In this subsection we shall identify the (periodic) Hopf-cyclic cohomol¬ 
ogy of the Hopf algebra of Example 12.151 with the 

Lie algebra cohomology of 0 i ixi 02 relative to I, the maximal compact 
subalgebra of 92 , via a van Est type isomorphism. For the construc¬ 
tion of a MPI ((5, a) over a bicrossed product Hopf algebra, we refer 
the reader to [2H1 Thm. 3.2], 

Theorem 5.5. Let (Gi,G 2 ) he a matched pair of Lie groups, with 
Lie algebras ( 01 , 02 )- Then the periodic Hopf-cyclic cohomology of 
the Hopf algebra {G 2 )^-kU{qi) with coefficients in the canonical 
MPI ^ks is isomorphic with the Lie algebra cohomology, with trivial 
coefficients, of Qi c<i 02 relative to the maximal compact Lie subalgebra 
t of 02 - In short, 

^ HP*( 0 i t:^ 02 ,e). 

Proof. By [HI Prop. 3.16], see also [29l Prop. 5.1] and [28l Thm. 
4.6], Hopf-cyclic cohomology of the bicrossed product Hopf algebra 
J^°°(G 2 )>^ 7 rH( 0 i) is computed by the bicomplex 


C*CE 


d-CE 


dcE 


Ahl* — A20i* g, P^{G2) — A20i* g, .F“(G2)®2 ^ 


dcE 
01 
dcE 

k- 


dcE 


dcE 


— 01* h°-{G2) —^ 01 * j--(G2)®2 -Jl 


dcE 


GF^{G2) 


dcE 


■H^{G2) 


(gi2 _ b_ 


(5.5) 


where dcE : A'' 0 G F^{G 2 )®p A''+i 0 i* J^“(G 2 )®p is the Lie 

algebra cohomology of 0 i, with coefficients in IF°°{G 2 )®^■ Similarly, h* 
is the coalgebra Hochschild cohomology coboundary with coefficients 
in the J'°°(G 2 )-comodule A'? 0 i*. Since A'? 0 i* is a differentiable G 2 - 
module, by Proposition 12.81 it is an J^°°(G 2 )-comodule. As a result, by 
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Proposition 15.11 the bicomplex (15.51) is isomorphic with the bicomplex 


dCB 

c'rf°(G2,Av: 

rfCE 


C*CE 

d* . 2„ *\ d* 


■g](G2,aV^ 

dcE 

-G](G2,gi^ 

C^CE 


dCE 

a2„ d* 


Gi(G2,AV*) 

dcE 

-G|(G2,01*) 


<^CE 


G0(G2, k) > C1(G2, A:)-CJ(G2, fc) ^1 


where d* : C'^(G 2 , A'^gi*) —>■ G^'''^(G 2 , A'^gi*) is the differentiable 
cohomology of G 2 , with coefficients in A'^gi*. 

By m Thm. 6.1], see also 13 [36], one has the map 

: CgE(02,«, A^g];) ^ Gf(G2, APgi*) 

of bicomplexes [20|, which induces an isomorphism on the level of 
total cohomologies, as well as an isomorphism on the level of row 
cohomologies. □ 
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